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Abstract
In this article, the inﬂuence of the convective boundary condition of free convection ﬂow over a permeable vertical plate in porous
medium saturated with a micropolar ﬂuid is investigated. In order to analyze all the essential features, the transformed nonlinear
conservation equations are worked out numerically by Spectral Quasi-Linearisation Method. By insisting the comparison between
suction and injection eﬀects, the physical quantities of the ﬂow and its characteristics are exhibited graphically and quantitatively
with various parameters.
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Peer-review under responsibility of the organizing committee of ICCHMT – 2015.
Keywords: Free convection; Micropolar ﬂuid; Porous medium; Convective boundary condition
1. Introduction
During the last century, several ﬂuid models have been proposed to characterize the real ﬂuid behavior. One such
ﬂuid is micropolar ﬂuid, which is introduced by Eringen [1]. These ﬂuids can illustrate micro-inertia eﬀects and hold
the couple stresses and body couples in addition to the regular properties of Newtonian ﬂuids. Farther, these ﬂuids
gained prodigious interest due to its impressive applications in engineering sciences, knee cap mechanics, biological
ﬂuid modeling, boundary layer theory, lubrication theory etc. Micropolar ﬂuids can also model liquid crystal with
rigid molecules, animal blood, clouds with dusty, sediments in rivers etc. The deep monograph to the theory and ap-
plications of micropolar ﬂuids in porous medium has been explained in the books by Lukaszewicz [2] and Eremeyev
et al. [3].
Several investigators scrutinized the analysis of free convection ﬂow of micropolar ﬂuid in porous medium due to
its tremendous applications in discrete aspects of engineering, scientiﬁc and industrial applications like solar energy
collecting devices, air conditioning of a room, material processing, cooling of molten metals and so on. A mathe-
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matical model for the natural convection ﬂow over a continuously moving plate immersed in a non-Darcian porous
medium with stratiﬁcation eﬀect has been presented by Beg et al.[4]. Srinivasacharya and RamReddy [5] investigated
the double stratiﬁcation eﬀect on free convection ﬂow in a non-Darcy porous medium with uniform heat and mass
ﬂuxes. With an inﬂuence of thermophoresis and radiation eﬀects on free convection ﬂow of a micropolar ﬂuid through
a non-Darcy porous medium has been discussed by Bakier [6].
In the mechanism of supplying heat to the convecting ﬂuid through a bounding surface with a conﬁned heat capac-
ity, Convective Boundary Condition plays an important role because of its universal and realistic nature, particularly in
diverse technologies and industrial operations such as transpiration cooling process, textile drying, laser pulse heating,
and thus along. Ishak et al.[7] discussed the boundary layer ﬂow over a moving plate under convective boundary con-
dition and found that the dual solution exists when plate and ﬂuid act in the opposite direction. A mathematical model
for the natural convection along convectively heated vertical plate is given by Pantokratoras [8]. Recently, RamReddy
et al.[9](also see the citations therein) investigated the inﬂuence of the Biot number eﬀect on mixed convection in
non-Newtonian ﬂuids.
Motivated by erstwhile studies, the aim of the paper is to investigate the free convection ﬂow along a vertical plate
in a micropolar ﬂuid saturated porous medium under the convective boundary condition in the presence of suction and
injection. By employing spectral quasilinearization method the governing system of non-linear ordinary diﬀerential
equations solved. The inﬂuence of the coupling number, Darcy number and Biot number on the physical quantities of
the ﬂow, heat and mass transfer rates are analyzed in both cases of suction and injection.
2. Mathematical Formulation
Consider the steady, laminar, incompressible, free convective ﬂow over a vertical plate in porous medium satu-
rated with micropolar ﬂuid. The free stream temperature and concentration are T∞ and C∞ respectively. The suc-
tion/injection velocity distribution is presumed to be vw. The plate is either heated or cooled from left by convection
from a ﬂuid of temperature T f with T f > T∞ (heated surface) and T f < T∞ (cooled surface) respectively. Moreover,
the following assumptions are made in the analysis: (i) the porous medium is isotropic and homogeneous, (ii) except
for the density variation required by the Boussinesq approximation, the properties of the ﬂuid and porous medium are
constant, and (iii) the ﬂuid and the porous medium are in local thermodynamic equilibrium. Under these conditions,
the governing equations describing the micropolar ﬂuid[10] can be composed in the following form:
∂u
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+
∂v
∂y
= 0 (1)
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where u and v are the Darcy velocity components in x and y directions respectively, ω is the component of microrota-
tion whose direction of rotation lies in the x y-plane, T is the temperature, C is the concentration, g∗ is the acceleration
due to gravity, ρ is the density, μ is the dynamic coeﬃcient of viscosity, βT is the coeﬃcient of thermal expansion,
βC is the coeﬃcient of solutal expansions, Kp is the permeability,  is the porosity, κ is the vortex viscosity, j is the
micro-inertia density, α is the thermal diﬀusivity and D is the solutal diﬀusivity of the medium.
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The boundary conditions are
u = 0, v = vw, ω = −n∂u
∂y
, −k∂T
∂y
= h f (T f − T ), C = Cw at y = 0 (6a)
u = 0, ω = 0, T = T∞, C = C∞ as y→ ∞ (6b)
where, the subscripts w and ∞ speciﬁes the conditions at the wall and at the outer edge of the boundary layer respec-
tively, h f is the convective heat transfer coeﬃcient, k is the thermal conductivity of the ﬂuid and n is a constant (Ref.
Ahmadi[10]).
Initially, we used the following dimensionless variables to convert the dimensional governing equations to the
non-dimensional form
x =
x
L
, y =
y
L
Gr1/4, u =
L
νGr1/2
u, v =
L
νGr1/4
v, ω =
L2
νGr3/4
ω, θ =
T − T∞
T f − T∞ , φ =
C −C∞
Cw −C∞ , (7)
where Gr is the Grashof number and Gr = g∗βT0 (T f − T∞)L3/ν2. Later, the stream function ψ given by u = ∂ψ∂y ,
v = − ∂ψ
∂x is introduced to satisfy the Eq.(1) and then the following similarity transformations are derived by using Lie
scaling group transformations (for more details, refer to the works of Ramreddy et al.[9])
η = y, ψ = x f (η), ω = xg(η), βT = βT0 x, βC = βC0 x, θ = θ(η), φ = φ(η), (8)
where βT0 and βC0 are constant thermal and mass coeﬃcients of expansion.
Using Eq. (8) in reduced non-dimensional equations, we get the following similarity equations
1

(
1
1 − N
)
f ′′′ +
1
2
f f ′′ − 1
2
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( N
1 − N
)
g′ + θ + Bφ − 1
DaGr1/2
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2 − 2N
)
g′′ +
1
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f g′ − 1

f ′g −
( N
1 − N
) (
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1

f ′′
)
= 0 (10)
1
Pr
θ′′ + f θ′ = 0 (11)
1
S c
φ′′ + fφ′ = 0 (12)
The reduced boundary conditions in terms of f , g, θ and φ become
f (0) = fw, f ′(0) = 0, g(0) = −n f ′′(0), θ′(0) = −Bi[1 − θ(0)], φ(0) = 1 (13a)
f ′(∞) = 0, g(∞) = 0, θ(∞) = 0, φ(∞) = 0. (13b)
where the primes indicate partial diﬀerentiation with respect to η alone. In usual deﬁnitions, ν is the kinematic viscos-
ity, N = κ/(μ + κ) is the coupling number (0 ≤ N<1), Pr = ν/α is the Prandtl number, S c = ν/D is the Schmidt num-
ber, Da = Kp/L2 is the Darcy number and j = L2/Gr1/2 is the micro-inertia density,B = βC0 (Cw −C∞)/(βT0 (T f − T∞))
is the buoyancy ratio, fw = −(L/νGr1/4) vw is the suction/injection parameter. It is worth mentioning that fw deter-
mines the transpiration rate at the surface, with fw > 0 for suction, fw < 0 for injection, and fw = 0 corresponds to an
impermeable surface. Further, Bi = hf L/(kGr1/4) is the Biot number. It is a ratio of the internal thermal resistance of
the plate to the boundary layer thermal resistance of the hot ﬂuid at the bottom of the surface.
The non-dimensional skin friction C f , wall couple stress Mw, local Nusselt number Nux and local Sherwood
number S hx, with u
2
∗ as the characteristic velocity, are given by
C fGr1/4 = 2
[
1 − nN
1 − N
]
f ′′(0), MwGr1/2 =
(
2 − N
2 − 2N
)
g′(0),
Nux
Gr−1/4x
= −θ′(0), S hx
Gr−1/4x
= −φ′(0). (14)
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3. Numerical Solution using Spectral Quasilinearization Method(SQLM)
Here, we describe the spectral quasi-linearization method (SQLM) for solving the non-linear system of Eqs. (9) -
(12) along with the boundary conditions (13). The QLM was introduced by Bellman and Kalaba [11] as a generaliza-
tion of the Newton-Raphson method and it is used for solving nonlinear boundary value problems. In this system of
equations, the nonlinear components can be linearised using one term Taylors series for multiple variables so that the
Eqs. (9)-(12) give the following iterative sequence of linear diﬀerential equations:
1

(
1
1 − N
)
f ′′′r+1 +
1
2
a1,r f ′′r+1 + a2,r f
′
r+1 +
1
2
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( N
1 − N
)
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2 − 2N
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1

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1

( N
1 − N
)
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1

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1

b2,r fr+1 = R2,r (16)
c1,r fr+1 +
1
Pr
θ′′r+1 + c2,r θ
′
r+1 = R3,r (17)
d1,r fr+1 +
1
S c
φ′′r+1 + d2,r φ
′
r+1 = R4,r (18)
where the coeﬃciets are
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−2
2
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1
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1
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1
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′
r, c2,r = fr, R3,r = fr θ
′
r, d1,r = φ
′
r, d2,r = fr, R4,r = fr φ
′
r
subject to boundary conditions:
fr+1(0) = fw, f ′r+1(0) = 0, gr+1(0) = −n f ′′r+1(0), θ′r+1(0) = −Bi(1 − θr+1(0)), φr+1(0) = 1 (19)
f ′r+1(∞) = 0, gr+1(∞) = 0, θr+1(∞) = 0, φr+1(∞) = 0 (20)
The above system (15) to (18) constitute a linear system of coupled diﬀerential equations with variable coeﬃcients
and can be solved iteratively using any numerical method for r = 1, 2, 3, .... In this work, as we discussed below,
the Chebyshev pseudo-spectral method was used to solve the QLM scheme (15) to (18) (for more details, refer to the
works of Mosta et al. [12]). The initial guesses to start the SQLM scheme for the system of equations (15) - (18) are
chosen as functions that satisfy the boundary conditions as follows:
f0(η) = fw + 1 − (1 + η)e−η, g0(η) = −n(1 − η)e−η, θ0 = [Bi/(Bi + 1)] e−η, φ0 = e−η
Starting from a given set of initial approximations f0, g0, θ0, φ0, the iteration schemes (15) to (18) can be solved
iteratively for fr+1(η), gr+1(η), θr+1(η), φr+1(η) when r = 0, 1, 2,.... To solve equations (15) to (18) we discretise the
equation using the Chebyshev spectral collocation method. The basic idea behind the spectral collocation method is
the ﬁrst appearance of a diﬀerentiation matrix D which is applied to approximate the diﬀerential coeﬃcients of the
unknown variables, for example, f (η) at the collocation points as the matrix vector product
d f
dη
=
N∑
k=0
Dlk f (τk) = DF, l = 0, 1, ...,N, (21)
at the Gauss-Lobatto collocation points
τ j = cos
π j
N
, j = 0, 1, 2, ...,N, (22)
where N + 1 is the number of collocation points (grid points), D = 2D/η∞ is the diﬀerentiation matrix and its entries
are clearly deﬁned in Canuto et al. [13], and F = [ f (τ0), f (τ1), ..., f (τN)]
T is the vector function at the collocation
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Table 1. Comparison of −θ′(0) for free convection along a vertical ﬂat plate in Newtonian ﬂuid when N = 0, n = 0, Da→ ∞,  = 1, B = 0, Pr = 1,
Bi→ ∞ and fw = 0.
Merkin[14] Nazar et al. [15] Present
0.4214 0.4214 0.4214313
points. The vector functions corresponding to f , g, θ and φ are denoted by F, G, Θ and Φ respectively. Higher order
derivatives are obtained as powers of D, that is
f (p) = DpF, g(p) = DpG, θ(p) = DpΘ, φ(p) = DpΦ. (23)
where p is the order of the derivatives, η∞ is a ﬁnite length that is chosen to be numerically large enough to approximate
the conditions at inﬁnity in the governing problem and τ is a variable used to map the truncated interval [0, η∞] to the
interval [−1, 1] on which the spectral method can be implemented.
Substituting Eqs.(21)-(23) into Eqs. (15)-(18) leads to the matrix equation
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Fr+1
Gr+1
Θr+1
Φr+1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
R1
R2
R3
R4
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where
A11 =
1

(
1
1 − N
)
D3 +
1
2
diag[a1,r]D2 + diag[a2,r]D +
1
2
diag[a3,r], A12 =
( N
1 − N
)
D, A13 = I, A14 = BI,
A21 = −1

( N
1 − N
)
D2 +
1

diag[b1,r]D +
1

diag[b2,r], A22 =
(
2 − N
2 − 2N
)
D2 +
1

diag[b3,r]D + diag[b4,r],
A31 = diag[c1,r], A32 = 0, A33 =
1
Pr
D2 + diag[c2,r]D, A34 = 0, A23 = 0, A24 = 0, A41 = diag[d1,r],
A42 = 0, A43 = 0, A44 =
1
S c
D2 + diag[d2,r]D, R1 = R1,r, R2 = R2,r, R3 = R3,r, R4 = R4,r
where I is an identity matrix, 0 is a zero matrix and diag[ ] is a diagonal matrix, are all of size (N + 1)× (N + 1), where
N is the number of grid points, F, G, Θ and Φ are the values of the functions f , g, θ and φ when evaluated at the grid
points. The subscript r denotes the iteration number.
4. Results and Discussions
To explore the signiﬁcance of coupling number N, Darcy number Da and Biot number Bi, the computations are
carried out in the cases of suction and/or injection for ﬁxed values of B = 1.0, n = 0,  = 0.6, Pr = 0.71 and
S c = 0.22. In order to validate the code generated, the outcomes of the present problem have been compared with
that of the results obtained by Merkin [14] and Nazar et al. [15] on the special cases and found that they are in full
agreement, as represented in Tab. (3). Besides, the comparison of −θ′(0) has been produced with the results obtained
by Nazar et al. [15] as shown in Tab. (4).
The ﬁrst set of Figs 1(a)-1(d) display the eﬀect of Biot number Bi on the velocity, micro-rotation, temperature and
concentration proﬁles in both cases of suction and injection with Da = 0.1, N = 0.4 and Gr = 7. From Fig. 1(a)
it is fascinating to notice that an enhancement in the Biot number Bi causes the ﬂuid velocity within the momentum
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Fig. 1. Eﬀect of Bi on (a)Velocity, (b)Microrotation, (c)Temperature, and (d)Concentration proﬁles.
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Fig. 2. Eﬀect of Bi on (a)Heat transfer rate, and (b)Mass transfer rate, and eﬀect of Da on (c)Heat transfer rate, and (d)Mass transfer rate.
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Table 2. Comparison of −θ′(0) for free convection ﬂow in a micropolar ﬂuid obtained by Nazar et al.[15] when n = 0.5, Da → ∞,  = 1, B = 0,
Pr = 1, Bi→ ∞ and fw = 0.
N Nazar et al. [15] Present
0.00 0.4214 0.4214
0.50 0.3834 0.3834
0.75 0.3447 0.3447
Table 3. Comparison of −θ′(0) for free convection along a vertical ﬂat plate in Newtonian ﬂuid when N = 0, n = 0, Da→ ∞,  = 1, B = 0, Pr = 1,
Bi→ ∞ and fw = 0.
Merkin[14] Nazar et al.[15] Present
0.4214 0.4214 0.4214313
boundary layer stabilizes in the upstream direction for the suction and injection. From Fig. 1(b) it reveals that as
parameter value Bi rises, the microrotation showing reverse rotation near the two boundaries due to the antisymmetric
part of the stress vanishes on the boundary and this result a drastic change. From Fig. 1(c) it perceives that in the
presence of suction and injection there is rapid stabilization of temperature in the upstream direction with a raise in
Biot number. Moreover, it clearly notice that as Bi → ∞ (i,e.,) θ(0) = 1 simulates the isothermal surface, the internal
thermal resistance of the plate is more than the boundary layer thermal resistance for a high Biot number. From Fig.
1(d) it observe that the concentration boundary layer thickness stabilizes in the downstream direction with increasing
values of the Biot number Bi in the presence of suction/injection.
The second set of Figs. 2(a)-2(d) depict the eﬀect of Bi and Da on local heat and mass transfer coeﬃcients against
N for both cases of suction and injection. The main advantage using the coupling number N, (0 ≤ N < 1) in ﬂuid ﬂow
model is that it characterizes the coupling between the Newtonian and rotational viscosities and also it signiﬁes the
coupling between the linear and rotational motion emerging from the micromotion of the ﬂuid particles. From Figs.
2(a)-2(b) it found that in the presence of suction and injection cases the local heat and mass transfer rates stabilizes in
the upstream direction with the growth in Bi. From Figs. 2(c)-2(d) it explores that as Darcy parameter increases the
local heat and mass transfer rates show qualitatively same as in the upstream direction for both suction and injection.
From Figs.2(a)-2(d), it notice that the local heat and mass transfer rates are less in the case of injection fw < 0 in
comparison with the case of suction fw > 0.
The variations of C fGr
1/4
x and MwGr
1/2
x with diﬀerent values of N in the presence of suction/injection Bi = 0.1
and Da = 0.1 as shown in Tab. (5). It exhibits that for both suction and injection the skin friction factor is more and
wall couple stress is less with a rise in coupling number. The eﬀect of Bi on skin friction and wall couple stress for
N = 0.5 and Da = 0.1 is illustrated in Tab.(5). It observes that the skin-friction is increasing, whereas wall couple
stress is diminishing with the increase of Bi in both the cases of suction and injection. This notice is consistent with
the physical proﬁles available in the literature. In the presence of suction/injection, the impression of Darcy parameter
Da on the skin-friction and wall couple stress coeﬃcients are also presented in this table. It observes that the skin-
friction rises, but wall couple stress reduces with increase in Da. Finally, the detailed behavior of the suction/injection
parameter fw is self-evident from the Tab (5) and hence are not hashed out for brevity.
5. Conclusions
In this paper, the similarity representation of the free convection ﬂow along a permeable vertical plate of a microp-
olar ﬂuid saturated porous medium under the convective boundary condition is presented using Lie group transfor-
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Table 4. Comparison of −θ′(0) for free convection ﬂow in a micropolar ﬂuid obtained by Nazar et al.[15] when n = 0.5, Da → ∞,  = 1, B = 0,
Pr = 1, Bi→ ∞ and fw = 0.
N Nazar et al.[15] Present
0.00 0.4214 0.4214
0.50 0.3834 0.3834
0.75 0.3447 0.3447
Table 5. Eﬀects of skin friction and wall couple stress for varying values of Biot numbers Bi, micropolar parameter N, Darcy number Da in the
presence of suction/injection parameter fw.
fw N Bi Da C fGr
1/4
x MwGr
1/2
x
-0.5 0 0.1 0.1 0.801568 0
-0.5 0.5 0.1 0.1 1.173704 -0.180042
-0.5 0.9 0.1 0.1 2.488803 -0.845552
0.5 0 0.1 0.1 0.890467 0
0.5 0.5 0.1 0.1 1.119873 -0.155206
0.5 0.9 0.1 0.1 1.838558 -0.600532
-0.5 0.5 0.1 0.1 1.173704 -0.180042
-0.5 0.5 1 0.1 1.438289 -0.214785
-0.5 0.5 20 0.1 1.500169 -0.222677
0.5 0.5 0.1 0.1 1.119873 -0.155206
0.5 0.5 1 0.1 1.482741 -0.189829
0.5 0.5 20 0.1 1.701339 -0.209863
-0.5 0.5 0.1 0.05 0.995963 -0.133976
-0.5 0.5 0.1 0.1 1.173704 -0.180042
-0.5 0.5 0.1 0.3 1.424426 -0.245786
0.5 0.5 0.1 0.05 0.842806 -0.101742
0.5 0.5 0.1 0.1 1.119873 -0.155206
0.5 0.5 0.1 0.3 1.557228 -0.241907
mation. These equations are solved numerically using a spectral quasi-linearisation method for several values of the
physical parameters. The chief ﬁndings are summed up as follows:
• In both the cases of suction and injection, an increase in Biot number Bi, decreases in wall couple stress accom-
panied by an increase in skin friction, heat and mass transfer rates within the boundary layers.
• We remark that the microrotation showing reverse rotation near two boundaries within the boundary layer in
the presence of Biot number and suction/injection parameters.
• It is observed that less wall couple stress, but more skin friction, and heat and mass transfer rates with an
increase in Darcy parameter Da in both the cases of suction and injection.
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